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Localization of 5D Elko Spinors on Minkowski Branes
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Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China
Recently, a new spin-1/2 fermionic quantum field with mass dimension one in four dimensions–
Elko field λ was introduced as a candidate of dark matter. In this paper, we investigate the localiza-
tion of 5D Elko spinors on Minkowski branes by presenting the equation of the Elko KK modes. For
the 5D free massless Elko field, the zero mode can be localized on Randall-Sundrum thin brane but
can not be localized on the majority of thick branes. There do not exist bound massive KK modes
on all these branes. If the 5D mass term is introduced, there will exist bound Elko zero mode in
Randall-Sundrum brane model. And when we introduce the Yukawa type coupling ηφ2
¬
λλ with φ
the background scalar field, the Elko zero mode can be localized on some special thick branes with
a particular coupling constant η. Nevertheless, the massive KK modes still can not be localized on
these branes. These results are very different from that of the conventional Dirac spinor field and
the scalar field.
I. INTRODUCTION
The idea that our world is restricted in a 4D hyper-
surface (brane) which is embedded in a multi-dimensional
space-time (bulk) drew more and more attentions in re-
cent years. Braneworld theory was originated from the
string/M theory. In the framework of braneworld scenar-
ios, Standard Model (SM) fields are bound to the brane,
while the gravity can propagate in the bulk. The possi-
bility that extra dimensions can be non-compact [1–7] or
be large [8–10] gives us a novel road to solve some long-
standing problems in high-energy physics and cosmology,
such as the hierarchy problem, i.e., the large difference
between the electro-weak scale MEW ∼ 1Tev and the
Plank scale MPl ∼ 1016Tev [9, 10], and the cosmological
constant problem [2, 4, 11–15]. The famous Randall-
Sundrum (RS) brane model was presented in the end of
90’s [5, 6]. In the RS brane model, extra dimensions may
be non-compact, i.e., the size of extra dimensions can be
infinite. But the thickness of the ideal RS brane is zero.
A more realistic brane should have thickness. The thick
brane scenarios are usually based on gravity coupled to
a scalar field [16–21]. Thick brane is naturally gener-
ated by a background scalar instead of by introducing
a delta function artificially [16]. At the same time, the
scalar can provide the “materials” which make the thick
brane. More information about thick brane solutions can
be found in the review article [22].
An important and interesting issue in braneworld sce-
narios is how are various bulk matter fields localized on
branes by a natural mechanism. What we do know is
that the gravity [5, 6, 23] and massless scalar field [24]
can be localized on branes of different types. While the
spin-1 Abelian vector fields can be localized on some
thick branes and 6D RS brane instead of 5D RS brane
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[25–28]. The localization of spin-1/2 fermion is very in-
teresting. There can exist a single bound state and a
continuous spectrum of massive KK modes with scalar-
fermion coupling in some cases [29–37]. On some other
thick branes, there can exist discrete KK modes (mass
gaps) and continuous spectrum which starts at a posi-
tive value [27, 28, 38–41]. In Refs. [42, 43], the spectra
of 4D fermions on some symmetric and asymmetric thick
branes and anti-de Sitter thick branes are constituted of
bound KK modes. Furthermore it was found that there
exist fermion resonances on some thick branes, and the
life-times of the resonances are decided by the structure
of the branes, the Yukawa coupling between the fermionic
field and the background scalar field, and the coupling
constant [39, 42, 44–49].
On the other hand, in 2005, Ahluwalia and Gru-
miller introduced a new quantum field which is a spin-
1/2 fermionic quantum field with mass dimension one
[50, 51]. It was named as Eigenspinoren des Ladungskon-
jugationsoperators (Elko) in German, i.e., eigenspinors
of the charge conjugation operator. Elko belongs to non-
standard Wigner classes [50, 52] and it will be better to
understand Elko in the scope of Very Special Relativity
framework [53]. One of the consequences of mass dimen-
sion one is that Elko can interact with itself, gravity and
Higgs doublet, but the mismatch of mass dimensions with
Dirac fermions prevents it from entering the fermionic
doublets of the SM [51]. In addition, Elko is a non-local
field and the Lorentz symmetry is broken because there
exists a preferred direction. Elko is localized along this
direction [54, 55]. Ahluwalia and Grumiller suggested
that Elko can be considered as a first-principle candi-
date of dark matter [50, 51]. Elko also can be used to
investigate some cosmological problems such as the hori-
zon problem, the dark energy problem and so on. All of
these interesting properties of Elko have attracted more
and more attentions [56–82]. Therefore, Elko is a new
matter field which we cannot ignore.
In the framework of braneworld scenarios, the local-
ization of various matter fields except Elko on branes
has been studied and the mass spectra also have been
2given. All of these researches about Elko motivate us to
investigate the interesting problem that whether higher
dimensional Elko field can be localized on various kinds
of branes. The peculiar properties of Elko may result
in that its localization is very different from the ones of
other matter fields. At the same time, among these brane
models, the Minkowski (flat) one is the simplest brane
model. For the first investigation about the localization
of the new matter field, we choose the Minkowski branes
as our subjects. We will show in this paper that, only
the Elko zero mode, i,e, the 4D massless Elko field can be
localized on RS brane and on some special thick branes
with coupling term. There will not exist bound massive
KK modes on these Minkowski branes. The conclusion
is very different from the ones of other SM matter fields
about localization on branes. It tells us that the coupling
between 4D Elko and Higgs which can generate the mass
of 4D Elko [51] is crucial.
The organization of the paper is as follows: In Sec. II,
we first briefly review the Elko quantum field. Then, in
Sec. III, we discuss the localization of a 5D free massless
Elko field on various Minkowski branes by presenting the
equation of the Elko KK modes. And in Sec. IV, we dis-
cuss the localization of a 5D Elko with coupling term on
these Minkowski branes. Then we will list the advan-
tages of choosing Elko as the candidate of dark matter
in Sec. V. These advantages give us the motivation of in-
vestigation of Elko’s localization on branes. Finally, the
conclusion is given.
II. REVIEW OF ELKO FIELD
Elko can not be expressed in Weinberg’s formalism and
it belongs to non-standard Wigner classes [50, 52]. Elko
can originate from Very Special Relativity [53] and obey
the unusual property (CPT )2 = −I. Here charge conju-
gation C is defined as
C =
(
O iΘ
−iΘ O
)
K, (1)
where K is the complex conjugation operator, and Θ is
the spin one half Wigner time reversal operator satisfying
Θ(~σ/2)Θ−1 = −(~σ/2)∗. Thus, the Θ is given by
Θ =
(
0 −1
1 0
)
. (2)
Elko spinors are eigenspinors of the charge conjugation
operator: Cλ(kµ) = ±λ(kµ) (kµ is a polarization vector).
The plus sign generates the self-conjugate spinors which
are denoted by ς(kµ) and the minus sign generates the
anti-self-conjugate spinors which are denoted by τ(kµ).
In addition, we indicate the two possible helicity eigen-
states with χ±(kµ), then the four types of Elko can be
written as
ς±(kµ) =
(
iΘ[χ±(kµ)]∗
χ±(kµ)
)
, (3)
τ±(kµ) = ±
(−iΘ[χ∓(kµ)]∗
χ∓(kµ)
)
. (4)
Here χ±(kµ) can be read as
χ+(k
µ) = e−iφ/2
√
m
(
1
0
)
, χ−(kµ) = eiφ/2
√
m
(
0
1
)
. (5)
It can always transform kµ as pµ by a transformation
operator Γ (pµ is a general vector and represents (E, px,
py, pz)), and λ(p
µ) is also an Elko. The Γ is given by [53]
Γ =

√
m
E−pz
px−ipy√
m(E−pz)
0 0
0
√
E−pz
m 0 0
0 0
√
E−pz
m 0
0 0 − px+ipy√
m(E−pz)
√
m
E−pz
 .(6)
One can get 4D massless Elko from the form of λ(pµ) by
taking the massless limit, and the ς−(pµ) and τ+(pµ) will
vanish but ς+(p
µ) and τ−(pµ) will not in the massless
limit.
The dual spinors for Elko are defined as
¬
ς±(pµ) = ±[ς∓(pµ)]†γ0, ¬τ±(pµ) = ±[τ∓(pµ)]†γ0. (7)
When the Dirac operator γµp
µ acts on Elko spinors, the
results are
γµp
µς±(pµ) = ∓mς∓(pµ), γµpµτ±(pµ) = ±mτ∓(pµ). (8)
Here we choose the gamma matrices γµ and γ5 in the
following form:
γ0 =
(
O −iI
−iI O
)
, γi =
(
O iσi
−iσi O
)
, γ5 =
(
I O
O −I
)
.(9)
It is clear that γµ satisfy the relation: {γµ, γν} = 2ηµνI
with ηµν = diag(−,+,+,+). And when γ5 acts on the
four types of Elko one gets
γ5ς±(pµ) = ±τ∓(pµ), γ5τ±(pµ) = ∓ς∓(pµ). (10)
Making use of the Fourier transformation we can obtain
the following equations:
γµ∂µς±(x) = ∓imς∓(x), γµ∂µτ±(x) = ±imτ∓(x); (11)
γ5ς±(x) = ±τ∓(x), γ5τ±(x) = ∓ς∓(x). (12)
As we know, it should be γµ∂µψ ∝ ψ if ψ is a Dirac
spinor. Therefore, Elko spinors do not satisfy the Dirac
equation. On the other hand, via further discussion, it
is found that Elko satisfies the Klein-Gordon (KG) equa-
tion: (ηµν∂µ∂ν − m2)λ(x) = 0. Thus, we get the La-
grangian density of a free Elko in 4D flat space-time:
LElko = − 12∂µ
¬
λ ∂µλ − 12m2
¬
λλ. For a general curved
3space-time, the Lagrangian density should be written as
[51, 57, 60]
LElko = −1
2
[
1
2
gµν(Dµ
¬
λDνλ+Dν
¬
λDµλ)
]
− V (¬λ λ), (13)
where V (
¬
λλ) is the potential of the Elko field, and Dµ
represents covariant derivative.
III. THE LOCALIZATION OF 5D FREE
MASSLESS ELKO SPINORS
In this section, we will study the localization of free
massless Elko spinors on Minkowski branes in 5D space-
time. The metric describing a 4D Minkowski brane em-
bedded in a 5D bulk is generally assumed as
ds2 = e2A(y)ηµνdx
µdxν + dy2, (14)
where e2A(y) is the warp factor and y the extra coordi-
nate. Further, by performing the coordinate transforma-
tion
dz = e−A(y)dy, (15)
the metric (14) transforms to a conformally flat one
ds2 = e2A(ηµνdx
µdxν + dz2), (16)
which is more convenient for discussing the localization
of gravity and various matter fields.
The action of a free massless Elko field λ in 5D space-
time should be
SElko =
∫
d5x
√−gLElko. (17)
Here the Lagrangian density for the Elko field is
LElko = −1
2
[
1
2
gMN
(
DM
¬
λDNλ+DN
¬
λDMλ
)]
. (18)
In this paper, M,N · · · = 0, 1, 2, 3, 5 and µ, ν · · · =
0, 1, 2, 3 denote the 5D and 4D space-time indices, respec-
tively, and A¯, B¯ · · · = 0, 1, 2, 3, 5 and a, b · · · = 0, 1, 2, 3
denote the 5D and 4D local Lorentz indices, respectively.
The covariant derivatives are
DMλ = (∂M +ΩM )λ, DM
¬
λ = ∂M
¬
λ−
¬
λΩM , (19)
where the tangent space connection ΩM is defined as
ΩM = − i
2
(
eA¯P e
N
B¯ Γ
P
MN − e NB¯ ∂MeA¯N
)
SA¯B¯, (20)
SA¯B¯ =
i
4
[γA¯, γB¯]. (21)
Here eA¯M is the vierbein and satisfies the orthonormality
relation gMN = e
A¯
Me
B¯
NηA¯B¯. We define γ
M as the 5D
flat gamma matrixes which satisfy {γM , γN} = 2ηMN I
with ηMN = diag(−,+,+,+,+). The representation of
the 5D flat gamma matrixes γM is the same as the one of
4D flat gamma matrixes γµ which is given by (9). Form
(16) the vierbein is given by
eA¯M =
(
eAeˆaµ 0
0 eA
)
, eˆaµ = I. (22)
So the non-vanishing components of the spin connection
ΩM for a flat brane are:
Ωµ =
1
2
∂zAγµγ5. (23)
Since the Lagrangian density for the Elko field is simi-
lar to the one for the scalar field, the equation of motion
for Elko is just like the one for the scalar field as ex-
pected:
1√−gDM (
√−ggMNDNλ) = 0. (24)
By considering the conformally flat metric (16) and us-
ing the non-vanishing components of the spin connection
(23), we can rewrite Eq. (24) as:
1√−g Dˆµ(
√−ggˆµνDˆνλ) +
[
− 1
4
A′2gˆµνγµγνλ
+
1
2
A′
(
Dˆµ(gˆ
µνγνγ5λ) + gˆ
µνγµγ5Dˆνλ
)
+e−3A∂z(e3A∂zλ)
]
= 0. (25)
Here gˆµν is the induced metric on the brane, and Dˆµλ =
(∂µ + Ωˆµ)λ with Ωˆµ the spin connection constructed by
the induced metric gˆµν .
For the case of flat branes considered here, gˆµν = ηµν
and hence Dˆµ = ∂µ and the equation of motion (25) can
be simplified as
∂µ∂µλ−A′γ5γµ∂µλ−A′2λ+e−3A∂z(e3A∂zλ) = 0.(26)
The existence of the term −A′γ5γµ∂µλ in Eq. (26) sug-
gests that the general solution would inevitably be a lin-
ear combination of two different types of an Elko spinor,
which is based on Eqs. (11) and (12). Hence, we first de-
compose the Elko field as λ = λ+ + λ−, and then make
the general KK decomposition:
λ± ≡ e−3A/2
∑
n
(
αn(z)ς
(n)
± (x) + βn(z)τ
(n)
± (x)
)
.(27)
Here for simplicity we omit the ± subscript for the α and
β functions. ςn±(x) and τ
(n)
± (x) are linear independant 4D
Elko spinors and satisfy the 4D massive KG equations:
∂µ∂µς
(n)
± = m
2
nς
(n)
± and ∂
µ∂µτ
(n)
± = m
2
nτ
(n)
± . Note that
λ+ and λ− are linear independant and the operators in
Eq. (26) do not change the subscripts “+” and “−”. We
find that the equations for (αn+, βn+) and (αn−, βn−)
are the same. So we just need to consider the (αn+, βn+)
4case, which is given by(
α′′n −
3
2
A′′αn − 13
4
(A′)2αn +m2nαn − imnA′βn
)
ς
(n)
+
+
(
β′′n −
3
2
A′′βn − 13
4
(A′)2βn +m2nβn − imnA′αn
)
τ
(n)
+
= 0. (28)
Here we omit the summation symbol and the coordinate
symbols. Then, by linear independance of the ς
(n)
+ and
τ
(n)
+ , we would arrive at the following equations of motion
for the pair αn and βn:
α′′n −
(
3
2
A′′ +
13
4
(A′)2 −m2n
)
αn − imnA′βn = 0, (29)
β′′n −
(
3
2
A′′ +
13
4
(A′)2 −m2n
)
βn − imnA′αn = 0. (30)
Now we define an(z) and bn(z) satisfying the following
relations:
αn =
1√
2
(an + bn), βn =
1√
2
(an − bn). (31)
It is obvious that an and bn satisfy
a′′n −
(
3
2
A′′ +
13
4
(A′)2 −m2n + imnA′
)
an = 0, (32)
b′′n −
(
3
2
A′′ +
13
4
(A′)2 −m2n − imnA′
)
bn = 0. (33)
For the 5D dual Elko spinor
¬
λ, we have the following KK
decomposition:
¬
λ± ≡ e−3A/2
∑
n
(
α∗n(z)
¬
ς
(n)
± (x) + β
∗
n(z)
¬
τ
(n)
± (x)
)
.(34)
And the 4D dual Elko spinors satisfy the equations:
∂µ
¬
ς
(n)
± γ
µ = ±imn
¬
ς
(n)
∓ , ∂µ
¬
τ
(n)
± γ
µ = ∓imn¬τ
(n)
∓ ; (35)
¬
ς
(n)
± γ
5 = ∓¬τ (n)∓ ,
¬
τ
(n)
± γ
5 = ±¬ς
(n)
∓ . (36)
Then by substituting the KK decompositions (27) and
(34) into the action (17), and using Eqs. (29) and (30),
we carry out the KK reduction. For the purpose of get-
ting the action of the 4D massless and massive Elko fields
from the action of a 5D free massless Elko:
SElko = −1
4
∫
d5x
√−ggMN (DM
¬
λDNλ+DN
¬
λDMλ)
= −1
2
∑
n
∫
d4x(∂µ
¬ˆ
λ
n
∂µλˆ
n +m2n
¬ˆ
λ
n
λˆn), (37)
where λˆn are the 4D general Elko spinors, we should
introduce the following orthonormality conditions for αn
and βn: ∫
α∗nαmdz = δnm, (38)∫
β∗nβmdz = δnm, (39)∫
α∗nβmdz =
∫
αnβ
∗
mdz = δnm. (40)
From these orthonormality relations one can get the cor-
responding relations for an and bn:∫
a∗namdz = 2
∫
(α∗n + β
∗
n)(αm + βm)dz = 8δnm,(41)∫
b∗nbmdz = 2
∫
(α∗n − β∗n)(αm − βm)dz = 0. (42)
The orthonormality relation of bn indicates that bn = 0
and αn = βn. The result is interesting and it means that
the KK modes of different types of an Elko spinor are
the same and indistinguishable. We can not distinguish
different types of an Elko spinor by just considering their
KK modes. Now the KK decomposition of the 5D Elko
field is
λ± = e−3A/2
∑
n
(
αn(z)ς
(n)
± (x) + αn(z)τ
(n)
± (x)
)
= e−3A/2
∑
n
αn(z)λˆ
n
±(x), (43)
and the equation of the KK mode αn reads
α′′n −
(
3
2
A′′ +
13
4
(A′)2 −m2n + imnA′
)
αn = 0. (44)
A. The localization of the zero mode of a 5D free
massless Elko
We first focus on the localization of the zero mode of a
5D free massless Elko spinor on Minkowski branes. For
the zero mode α0, i.e, the 4D massless Elko spinor, Eq.
(44) is simplified as
[−∂2z + V0(z)]α0(z) = 0, (45)
where V0 is given by
V0(z) =
3
2
A′′ +
13
4
A′2, (46)
and the orthonormality condition is given by∫
α∗0α0dz = 1. (47)
Next we will consider thin and thick Minkowski brane
solutions respectively, and analyze the localization of the
Elko zero mode on these branes by using Eqs. (45) and
(47).
1. The thin brane
As the typification of thin brane models, we consider
the RS model, and investigate the localization of the zero
mode of Elko on the RS brane.
In 1999, Randall and Sundrum presented the famous
RS model to solve the hierarchy problem [5]. There are
two types of RS model: the RSI and the RSII. The
extra dimension is compact in RSI model so that the zero
5mode of Elko is indeed a bound mode in this case. So, we
give our attention to the RSII model with a non-compact
extra dimension.
The action in RSII model is [6]
S = Sgravity + Sbrane,
Sgravity =
∫
d4x
∫
dy
√
−G
(
−Λ+ 1
2
R
)
,
Sbrane =
∫
d4x
√−gbrane (Vbrane + Lbrane) , (48)
where R is the 5D Ricci scalar, GMN is the 5D met-
ric, Λ and Vbrane are cosmological terms in the bulk and
boundary, respectively. GMN is given by (14). The extra
dimension y is non-compact and the solution of the warp
factor A(y) is given by
A(y) = −k|y|, (49)
where k is a positive real constant. This solution holds
when the boundary and bulk cosmological terms are re-
lated by [6]
Vbrane = 6k, Λ = −6k2. (50)
Working with the conformal metric (16), the coordinate
transformation (15) gives that k|z| + 1 = ek|y|, and the
V0 (46) has the following form:
V0 =
19k2
4(1 + k|z|)2 −
3kδ(z)
1 + k|z| . (51)
The general solution of Eq. (45) is given by:
α0(z) = C1(k|z|+ 1) 12+
√
5 + C2(k|z|+ 1) 12−
√
5, (52)
where C1, C2 are integral parameters. In order to get
localized Elko zero mode α0 on the thin brane, the or-
thonormality condition (47) should be satisfied, which
indicates that α0(z) must be vanished when z → ±∞.
The first term of solution (52) will be divergent when
z → ±∞, so C1 should vanish. C2 can be determined ac-
cording to the requirement of the orthonormality condi-
tion. Then we get the bound zero mode for a 5D massless
Elko field on the RSII brane:
α0(z) =
√
(−1 +
√
5)k (k|z|+ 1) 12−
√
5. (53)
So the zero mode of a 5D free Elko can be localized on
RSII brane.
2. The thick brane
Next, we consider the localization of the Elko zero
mode on Minkowski thick branes. As we know, there
are various thick branes and their properties are also
different with each other. We just consider these thick
branes embedded in asymptotically AdS space-time. The
majority of Minkowski thick brane solutions lead to this
case, such as the solutions with a single scalar field, non-
minimally coupled scalar field and so on [16–22, 83–85].
As examples, we just review two solutions: one is for
a standard scalar field [18, 19, 22] and the other is for
a scalar field non-minimally coupled to the Ricci scalar
curvature [22, 83–85].
The thick brane action of a standard scalar coupled to
gravity can be written as
S =
∫
d5x
√−g
[
1
2
R − 1
2
(∂φ)2 − V (φ)
]
. (54)
For the sine-Gordon potential
V (φ) =
3
2
c2[3b2 cos2(bφ)− 4 sin2(bφ)], (55)
and the Minkowski brane metric (14), the solution is
given by [18, 19, 22]
eA(y) =
[
cosh(cb2y)
]−1/3b2
, (56)
φ(y) =
2
b
arctan tanh
(3
2
cb2y
)
, (57)
where b and c are parameters related to the brane thick-
ness.
In addition, Refs. [22, 83, 85] considered thick brane
solutions of a scalar field non-minimally coupled to the
Ricci scalar curvature, and the action is given by
S =
∫
d5x
√−g
[
f(φ)R − 1
2
(∂φ)2 − V (φ)
]
, (58)
where f(φ) is a function of the scalar field φ. The above
action is conformally related to the Einstein frame action
with the Ricci scalar term 12R via the conformal transfor-
mation gMN → 2g˜MNf(φ). With the coupling function
f(φ) =
1
2
(1− ξφ2) (59)
and the metric (14), for a non-zero coupling constant
ξ 6= 0, the solution is given by [22, 83, 85]
eA(y) =
[
cosh(ay)
]−γ
, (60)
φ(y) = φ0 tanh(ay), (61)
where the γ = 2(1ξ − 6), and φ0 = a−1φ(0) =
√
3(1−6ξ)
ξ(1−2ξ) .
The parameter ξ satisfies 0 < ξ < 1/6, which means that
the γ > 0.
We write the warp factors of the two solutions in a
unified form
e2A(y) = cosh(ay)−2b, (62)
where b is a positive real constant and a an arbitrary con-
stant parameter. We use (62) to analyze the localization
of the Elko zero mode on these thick branes. The warp
factor e2A(y) is a function of the extra coordinate y. But
Eq. (45) should be expressed with the conformally flat
coordinate z. So, we need the relation between z and y,
6which is related by the coordinate transformation (15)
and given by
z(y) =− i
√
πΓ(1+b2 )
2|a|Γ(1 + b2 )
+ isign(ay)
[cosh(ay)]1+b
a(1 + b)
F, (63)
where F is the hypergeometric function
F = 2F1
[
1
2
,
1 + b
2
,
3 + b
2
, cosh2(ay)
]
. (64)
Here we face the difficulty that for general a and b we can
not get an analytical form of y(z) from the function z(y)
given in (63). But we can write the V0 (46) as a function
of y:
V0(z(y)) = e
2A
(
3
2
∂2yA+
19
4
(∂yA)
2
)
. (65)
As is shown in Fig. 1, we can find that z(y) is a mono-
tonic function. It means that V0(z) has the similar shape
and property to V0(z(y)).
Now we consider the massless mode α0(z). Eq. (45)
can be written in the extra coordinate y as[−e2A∂2y − e2AA′∂y + V0(z(y))]α0(z(y)) = 0, (66)
where the zero mode α0(z(y)) will have the similar figure
and property to α0(z). Let α0(z(y)) = e
− 1
2
A(y)ρ(y), the
above equation is reduced to[−∂2y + 5a2b2 − a2b(2 + 5b)sech2(ay)] ρ(y) = 0. (67)
The general solution is given by
ρ(y) = C1P
√
5b
q−1 (tanh(ay)) + C2Q
√
5b
q−1(tanh(ay)), (68)
where C1, C2 are integral parameters, q(q−1) = b(2+5b),
P and Q are the first and second Legendre functions,
respectively. Hence, we get the solution of the massless
mode
α0(y) =cosh
b/2(ay)
[
C1P
√
5b
q−1 (tanh(ay))
+C2Q
√
5b
q−1(tanh(ay))
]
. (69)
For arbitrary b > 0, coshb/2(ay) will be divergent when
y → ±∞. So the orthonormality condition (47) requires
that ρ(y) should vanish when y → ±∞ if we want get a
bound state. From the solution (68), ρ(y) is a summation
of two Legendre functions. According to the theory of the
special functions, we know that the Legendre functions
P
√
5b
q−1 (tanh(ay)) and Q
√
5b
q−1(tanh(ay)) are convergent only
under some strong restrictions. For the first Legendre
function P , it requires that q − 1 and √5b are integers,
or q−√5b or q− 1−√5b is zero or negative integer just
while Re(
√
5b) < 0. For the second Legendre function Q,
it requires that both q− 1 and √5b are positive half odd
integers when Re(
√
5b) > 0, or q − 1−√5b is a negative
integer but
√
5b is not an integer while Re(
√
5b) < 0.
Here we can solve the equation q(q − 1) = b(2 + 5b) and
get q = 12 (1 ±
√
1 + 8b+ 20b2). Obviously, the solution
can not converge at y = ±∞ since these strong restric-
tions can not be satisfied. Thus we can not get a bound
Elko zero mode. So the zero mode (the 4D massless Elko)
of a 5D free massless Elko field can not be localized on
these Minkowski thick branes. The result is very interest-
ing. These thick branes which we consider here have the
similar asymptotical behavior with the RSII brane when
z → ∞ and will become RSII brane when the thickness
of branes approach 0. But the localization of the Elko
zero mode on these thick branes is very different from
the one on RSII brane. If we consider the V0 in Eq. (45)
as a “potential”, it will be a volcano potential for these
thick branes. As we know there exist a minimum for a
volcano potential, i.e, the depth of the potential well is
finite. There will exist a bound zero mode only if the
shape of the potentia is appropriate (which is depended
on the warp factor and the coefficients of the A′2 and
the A′′). But for case of the RSII brane, there exists
a delta function at the location of the brane. With the
delta function, we have an infinitely deep potential well
so that there always exists a bound Elko zero mode. This
is the reason for the difference of the localization of the
Elko zero mode on thin and thick branes.
-3 -2 -1 1 2 3
y
-20
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10
20
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FIG. 1. The shapes of the function z(y). The parameters
are set to a = 1, b = 1 for dashed line, b = 2 for thin line, and
b = 3 for thick line.
B. The localization of the massive KK modes of a
5D free massless Elko
Next we consider the localization of the massive KK
modes of 5D free Elko. The mass spectrum of the massive
modes is generally expected because it can characterize
the geometry of the extra dimension and gives some novel
effects coming from the extra dimension, which may be
observed by experiments in the future. It also may give
7us a new viewpoint to comprehend the origin of the mass
of Elko if the massive KK modes can be localized on
branes. Thus we should give a detailed analysis of Eq.
(44) on various kinds of Minkowski branes and we hope
to get a reasonable mass spectrum. Before we solve Eq.
(44) in some concrete models, we can speculate that the
solution should be a complex function just like a wave
function because of the imaginary unit in Eq. (44). So it
is difficult to get the complete bound massive KK modes.
1. The thin brane
First, as the typification of thin brane models, we still
consider the RSII model and Eq. (44) could read as
−α′′n +
(
19k2
4(1 + k|z|)2 −
3kδ(z)
1 + k|z|
)
αn
=
(
m2n + imn
ksign(z)
1 + k|z|
)
αn. (70)
And the general solution is
αn(z) = C1H(z)M 1
2
,−√5
(
i
2mn
k
(k|z|+ 1)
)
+ C2H(−z)M 1
2
,
√
5
(
i
2mn
k
(k|z|+ 1)
)
+ C3W 1
2
,−√5
(
i
2mn
k
(k|z|+ 1)
)
, (71)
where H(z) is the step function and M and W are the
two kinds of Whittaker functions, respectively, C1, C2
and C3 are integral parameters and C1M 1
2
,−√5
(
i 2mnk
)
=
C2M 1
2
,
√
5
(
i 2mnk
)
. Let αn(z) = Rn(z)+iIn(z) and the or-
thonormality condition (38) requires
∫
dz
(
R2n + I
2
n
)
= 1.
According to the theory of the special functions, the
M 1
2
,±√5
(
i 2mnk (k|z|+ 1)
)
and W 1
2
,−√5
(
i 2mnk (k|z|+ 1)
)
are always divergent. It is obvious that the solutions
can not satisfy the orthonormality condition (38). Thus
for any mass mn we can not get a bound massive KK
mode of a 5D free Elko on the brane in the RSII model.
The result is the same with the one of the scalar field.
2. The thick brane
We still chose (62) as the unified form of the warp fac-
tor in thick brane models. For simplicity we just discuss
the case of b = 1, for which we have az = sinh(ay), and
Eq. (44) is read as
−α′′n +
a2
(−6 + 19(az)2)
4 (1 + (az)2)
2 αn
=
(
m2n + imn
a2z
1 + (az)2
)
αn. (72)
It is difficult to get a general analytical solution. But
we can consider the asymptotic behaviors of the above
equation. When z → ∞ the A′(z) and A′′(z) will have
the similar behaviors with the ones in the condition of
RSII model. Thus Eq. (72) has the similar asymptotic
behaviors with (70) and the solution should have the sim-
ilar property. Thus the result should be the same with
the case of RSII brane, and for this kind of thick branes,
the massive Elko KK modes can not be localized on the
branes. This analysis is reasonable because these thick
branes are all embedded in asymptotically AdS space-
time.
We can also achieve the same conclusion from the fol-
lowing analysis. The massive KK mode αn(z) should
be a complex function according to Eq. (44). Let
αn(z) = Rn(z) + iIn(z) with Rn(z) and In(z) the real
functions, then Eq. (44) is reduced to
R′′n−
(3
2
A′′+
13
4
(A′)2−m2n
)
Rn+mnA
′In
+i
[
I ′′n −
(3
2
A′′+
13
4
(A′)2−m2n
)
In−mnA′Rn
]
= 0.(73)
Thus we get the following coupled equations:
−R′′n + VeRn −mnA′In = m2nRn, (74)
−I ′′n + VeIn +mnA′Rn = m2nIn. (75)
Here Ve =
3
2A
′′+ 134 (A
′)2. In this paper, we just consider
the RSII brane and the thick branes embedded in asymp-
totically AdS space-time, for which we have the A′ → 0
when z → ∞. Thus when z → ∞, the terms mnA′In
and mnA
′Rn in Eqs. (74) and (75) will vanish so that
Eqs. (74) and (75) can be approximated as
−R′′n + VeRn = m2nRn, (76)
−I ′′n + VeIn = m2nIn. (77)
They are the Schro¨dinger-like equations and the effective
potential Ve is a volcano potential with vanishing value
at the boundary of the extra dimension for these branes
embedded in AdS or asymptotically AdS space-time. As
we know, for such a volcano potential, there do not ex-
ist bound massive KK modes. Thus all the massive KK
modes can not be normalized and hence can not be local-
ized on these branes. This is some what like the cases of a
5D free massless scalar field and Dirac spinor field. Phys-
ically, we can understand this as the following explain.
Usually, a brane has a power of confining matter fields.
Concretely, the localization is decided by some factors
such as the structure of the brane, the number of the di-
mensions of extra dimensions, the mass of the KK modes
of the matter fields, the coupling way between the matter
fields and the background field generating the brane. We
have known that usually the zero mode of a 5D free mass-
less scalar field can be localized on the Minkowski brane
embedded in 5D AdS or asymptotically AdS space-time,
but the zero modes of a 5D free massless vector and a
5D Dirac spinor can not. For these branes, the massive
modes of the free scalar, vector and fermion can not be
localized. However, if we consider de-Sitter or Anti-de-
Sitter branes, or introducing the coupling terms between
8the matter fields and the background field, the matter
fields may be localized on the branes. Since the Elko
field has some characteristics of both scalar and Dirac
spinor, it is not strange that its massive KK modes can
not be localized on these Minkowski branes considered in
this paper. Here, even there is an imaginary unit in the
dynamical equation of the KK modes of the Elko field,
the result is also similar to the cases of the scalar and
Dirac spinor.
IV. LOCALIZATION OF 5D ELKO SPINORS
WITH COUPLING TERM ON MINKOWSKI
BRANES
In this section, we will study the localization of Elko
spinors with coupling term on Minkowski branes in 5D
space-time. As is shown in last section, for a free Elko
field in 5D space-time, we can not get any bound mas-
sive KK mode on Minkowski branes and even can not
get a bound Elko zero mode on Minkowski thick branes.
As the localization of Dirac spinors on branes, we intro-
duce here the interaction between the Elko spinor and the
background scalar, and the simplest choice is the Yukawa
coupling. The corresponding Lagrangian density is
LElko =− 1
4
gMN
(
DM
¬
λDNλ+DN
¬
λDMλ
)
− ηF (φ) ¬λλ, (78)
where the F (φ) is a function of the background scalar
field φ and η is the coupling constant. When F (φ) is a
constant, the additional term in (78) is a mass term with
M2Elko = ηF (φ). Then the equation of motion for the
Elko field coupled with the scalar is read as
1√−gDM (
√−ggMNDNλ)− 2ηF (φ)λ = 0. (79)
By considering the conformally flat metric (16), using the
non-vanishing components of the spin connection for the
flat branes (23), introducing the KK decomposition (43),
and noticing the linear independance of the ς
(n)
+ and τ
(n)
+
(ς
(n)
− and τ
(n)
− ), we can obtain the equation for the KK
mode αn:
−α′′n +
(
3
2
A′′ +
13
4
(A′)2 + 2ηe2AF (φ)
)
αn
=
(
m2n − imnA′
)
αn. (80)
When we just pay our attention to the zero mode of the
5D Elko, m0 = 0 and Eq. (80) can be read as
[−∂2z + V0(z)]α0(z) = 0, (81)
where
V0(z) =
3
2
A′′ +
13
4
A′2 + 2ηe2AF (φ). (82)
As discussed in the last section, if we want to get the
action of the 4D massless and massive Elko spinors from
the action of a 5D Elko with coupling term:
SElko =
∫
d5x
√−g[− 1
4
gMN
(
DM
¬
λDNλ+DN
¬
λDMλ
)
−ηF (φ) ¬λλ
]
= −1
2
∑
n
∫
d4x
(
∂µ
¬ˆ
λ
n
∂µλˆ
n +m2n
¬ˆ
λ
n
λˆn
)
, (83)
we should introduce the orthonormality condition (38).
A. The localization of the zero mode of 5D Elko
with coupling term
First we still consider the localization of the zero mode
of a 5D Elko spinor with coupling term. As we have em-
phasized, 5D free massless Elko fields can not be local-
ized on Minkowski thick branes. As we know there exist
many similarities between the Elko field and the scalar
field. Here, let us consider the equation of motion of a
5D free massless scalar field. It turns out for Minkowski
branes to be
∂µ∂µΦ+ e
−3A∂z(e3A∂zΦ) = 0, (84)
from which one can investigate 4D scalar fields by the KK
decomposition Φ =
∑
n φn(x)hn(z)e
−3A/2 and obtain the
Schro¨dinger-like equation for the scalar KK modes hn
[26, 27]:
[−∂2z + VΦ]hn = m2nhn, (85)
where the effective potential VΦ is given by
VΦ(z) =
3
2
A′′ +
9
4
A′2. (86)
The zero mode of a 5D free massless scalar can be local-
ized because the corresponding Schro¨dinger-like equation
can be factorized, which is the result of the fact that the
coefficient of A′2 is the square of the coefficient of A′′.
Obviously, for Minkowski thick branes, the difference of
the coefficients of the A′2 between the V0 and VΦ would
prevent the factorization of the V0 and hence prevent the
localization of the Elko zero mode. When an appropri-
ate F (φ) is introduced, the coefficient of the A′2 may be
adjusted to be the same as the one of the scalar case, so
that there exists the bound Elko zero mode. Thus we
assume
V0(z) =
3
2
A′′ +
13
4
A′2 + 2ηe2AF (φ)
=
3
2
A′′ +
9
4
A′2, (87)
which is identical to(
∂zA(z)
)2
+ 2ηe2A(z)F (φ) = 0. (88)
9It is more clear when the above equation is written in
extra coordinate y:(
∂yA(y)
)2
= −2ηF (φ(y)). (89)
This equation depends on the warp factor e2A(y), the
scalar field φ and the function F (φ). It is reasonable to
consider the scalar-Elko coupling η
¬
λφnλ. Hence F (φ)
can be taken as φn and F (φ(y)) should be an even func-
tion of y according to Eq. (89). As we know, for majority
of the brane models, the scalar field φ is a kink, i.e., it is
an odd function of y, so the simplest case is n = 2. Then
we have: (
∂yA(y)
)2
= −2ηφ2(y), (90)
or
∂yA(y) ∝ φ(y). (91)
If the warp factor e2A(y) and the scalar field φ are related
by Eq. (91), the Elko zero mode, i.e., the 4D massless
Elko particle may be localized on the brane. It is excit-
ing that there are many models satisfying this relation
(91). We will discuss them in the following subsections
respectively.
1. The thin brane
First, we still consider the RSII model. From Eq. (48),
it is clear that there does not exist a background scalar
field φ in this model. Here we introduce the 5D mass
term, i,e, ηφ2 = M2Elko with MElko the 5D Elko mass.
At the same time, notice that A′(y) = −k sign(y) and
A′2(y) = k2. It is natural that
M2Elko ∝ k2. (92)
For an arbitrary constant MElko, the V0 (82) is read as:
V0 =
19k2
4(1 + k|z|)2 +
2M2Elko
(1 + k|z|)2 −
3kδ(z)
1 + k|z|
=
(19 + 8ǫ)k2
4(1 + k|z|)2 −
3kδ(z)
1 + k|z| . (93)
Here ǫ = M2Elko/k
2. We can get the bound Elko zero
mode by solving the equation (81):
α0(z) =
√
(−1 +√5 + 2ǫ)k (1 + k|z|) 12−
√
5+2ǫ. (94)
Here it is required that ǫ > −2. So, for any M2Elko ≥ 0,
the Elko zero mode can be localized on the RSII brane.
2. The thick brane
Generally, for thick brane models based on the Gen-
eral Relativity, Eq. (91) can not be satisfied. Fortunately
it can be satisfied in some thick branes within modified
gravity theory, for example, the thick brane solution of a
scalar field non-minimally coupled to the Ricci scalar cur-
vature [22, 83, 85]. The solution is eA(y) = (cosh(ay))−γ
and φ(y) = φ0 tanh(ay). Obviously, the derivative of the
warp factor A(y) and the scalar field are related by
A′(y) = −γ∂y ln[cosh(ay)]
= −aγ tanh(ay) = −aγ
φ0
φ(y). (95)
Let η = −a2γ2
2φ2
0
then Eq. (90) is satisfied.
When Eq. (90) is satisfied, the V0 (82) can be rewritten
as (87). After factorizing Eq. (81), we have[
∂z +
3
2
A′(z)
] [
−∂z + 3
2
A′(z)
]
α0(z) = 0. (96)
Then we get the bound Elko zero mode:
α0(z) = Ce
3
2
A(z), (97)
where C is the normalization constant. For the thick
brane model [22, 83, 85], the zero mode is
α0(z(y)) = C cosh(ay)
− 3
2
γ . (98)
The normalization constant C depends on the parameters
γ and a. When γ = 1, az = sinh(ay) and the normalized
zero mode reads
α0(z) =
a
2
[1 + (az)2]−
3
4 . (99)
The shape of the above Elko zero mode is plotted in Fig.
2. It is clear that for the thick brane models satisfying
Eq. (91), the Elko zero mode can be localized on the
thick branes if (I) the coupling term ηφ2
¬
λλ is introduced
and the coupling constant η is taken as some particular
expression determined by the parameters in the models,
and (II) the Elko zero mode is normalizable.
B. The localization of the massive KK modes of a
5D Elko with coupling term
Next we consider the localization of the massive KK
modes of a 5D Elko with coupling term. As we have
shown in the last section, the massive KK modes of a
5D free Elko can not be localized on Minkowski branes.
We expect that the massive KK modes of a 5D Elko can
be localized on branes by introducing a coupling term
as in the case of a Dirac field. We just discuss the sim-
ple and meaningful coupling term η
¬
λφnλ which we have
considered in the case of the zero mode. It is foresee-
able that the coupling term may not change the result
about the localization of the massive KK modes because
the equation of the KK modes (80) will have the similar
asymptotic behaviors to the one of a 5D free Elko (44).
We still investigate the localization of the massive KK
modes in different kinds of brane models respectively.
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FIG. 2. The shape of the Elko zero mode α0(z) (99) in the
thick brane model with a scalar field non-minimally coupled
to the Ricci scalar curvature. The parameters are set to γ = 1
and a = 1.
1. The thin brane
In subsection IVB1, we introduce the 5D mass term
M2Elko
¬
λ λ to the action of a 5D Elko in RSII model. For
an arbitrary constant MElko, Eq. (80) is given by
−α′′n +
(
(19 + 8ǫ)k2
4(1 + k|z|)2 −
3kδ(z)
1 + k|z|
)
αn
=
(
m2n + imn
ksign(z)
1 + k|z|
)
αn, (100)
where ǫ = M2Elko/k
2. It is obvious that the asymptotic
behavior is the same with (70) and the general solution
is
αn(z) = C1H(z)M 1
2
,−√5+2ǫ
(
i
2mn
k
(k|z|+ 1)
)
+ C2H(−z)M 1
2
,
√
5+2ǫ
(
i
2mn
k
(k|z|+ 1)
)
+ C3W 1
2
,−√5+2ǫ
(
i
2mn
k
(k|z|+ 1)
)
, (101)
For any ǫ, the Whittaker func-
tions M 1
2
,±√5+2ǫ
(
i 2mnk (k|z|+ 1)
)
and
W 1
2
,−√5+2ǫ
(
i 2mnk (k|z|+ 1)
)
are always divergent.
Thus we still can not get bound massive KK modes of a
5D Elko on the brane by introducing a 5D mass term in
the RSII model.
2. The thick brane
For simplicity we just investigate the localization of the
massive KK modes of a 5D Elko with coupling term on
the thick brane of a scalar field non-minimally coupled to
the Ricci scalar curvature [22, 83, 85]. We introduce the
scalar-Elko coupling η
¬
λφnλ and let γ = 1, for which we
have az = sinh(ay). Thus the equation (80) is reduced
to
−α′′n +
(
a2
(−6 + 19(az)2)
4 (1 + (az)2)
2 +
2η(az)n
(1 + (az)2)
n
2
+1
)
αn
=
(
m2n + imn
a2z
1 + (az)2
)
αn. (102)
When z → ∞, the additional term
2η(az)n/
(
1 + (az)2
)n
2
+1
, which comes from the coupling
term, has the same asymptotic behavior with 2η/(az)2
and so it can be combined with the original term
a2
(−6 + 19(az)2)/4 (1 + (az)2)2. Hence the solution
should be similar with (72) and the result will not be
changed. Thus there does not exist any bound Elko
massive KK mode on this thick brane by introducing
the scalar-Elko coupling η
¬
λφnλ. In fact it is foreseeable
that, for any thick brane embedded in asymptotically
AdS space-time and the kink scalar field φ, the ηφn
will be a constant when z → ∞ so the additional term
2ηe2AF (φ) = 2ηe2Aφn in Eq. (80) will vanish and
the asymptotic behavior will be the same with (44).
The situation may change when we introduce a special
coupling term for example F (φ) = 1
(φ2
0
−φ2)k . When
we consider the thick brane solution of a scalar field
non-minimally coupled to the Ricci scalar curvature
[22, 83, 85] and let the γ = 1, k = 2, Eq. (80) can be
read as
−α′′n +
(
a2
(−6 + 19(az)2)
4 (1 + (az)2)2
+ 2η(1 + (az)2)
)
αn
=
(
m2n + imn
a2z
1 + (az)2
)
αn. (103)
When z →∞ Eq. (103) has the same behavior with
− α′′n + 2η(1 + (az)2)αn = m2nαn. (104)
This is just a Schro¨dinger-like equation with an infinite
potential well and we can get a series of bound KK modes
and a mass spectrum. But it does not make sense to
introduce the coupling term η
(φ2
0
−φ2)k
¬
λλ (the coupling
term η
¬
λφnλ can be explained as the Elko spinors cou-
pled to n scalar particles, but the η
(φ2
0
−φ2)k
¬
λλ is unrea-
sonable). Thus we can not get any bound massive KK
mode of 5D Elko by introducing a meaningful coupling
term.
V. THE CANDIDATE OF DARK MATTER
Elko is regarded as a natural dark matter candidate
for its interesting properties [50, 51]. First, a 4D Elko
is a spin-1/2 fermionic field with mass dimension one,
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which is very different from mass dimension 3/2 associ-
ated with the conventional Dirac fermionic field. Obvi-
ously the mismatch of the mass dimensions prevents Elko
to enter the fermionic doublets of SM and it can be used
to explain the dark matter interacting very weakly with
SM matters and electromagnetic radiations.
Second, the dark matter is self-interacting, which is
suggested by observational evidences. As we know, for
the usual Dirac fermionic field, the self-interaction will
be suppressed by the Planck scale. For the scalar field
which carries mass dimension one the suppression will
not happen so the scalar field is also a candidate of dark
matter. The case is the same to Elko. Thus in 4D space-
time, the self-interaction of dark matter can be described
by the following self-interaction of Elko [53]:
gΛ[
¬
Λ(x)Λ(x)]
2, (105)
where gΛ is a dimensionless coupling constant and Λ(x)
is the quantum field of the Elko spinors (in fact it has two
types). On the other hand, when we choose a fermionic
dark matter, there will be an important advantage. A
fermionic dark matter makes it possible to support the
dark matter halo by Fermi degenerate pressure. In Refs.
[51, 53], the authors even gave the following relationship
between the Elko mass and Chandrasekhar value for the
halo’s size:
Rch ∼ x−2Elko6.3× 10−2pc, (106)
where xElko is the Elko mass m in unit of keV. From the
relationship we can infer m ∼ 1eV.
For 4D Elko spinors, the only coupling with the SM
fields which will not be unsuppressed is the one with the
Higgs:
gφΛφ
†(x)φ(x)
¬
Λ(x)Λ(x), (107)
where gφΛ is a dimensionless coupling constant and φ(x)
the SM Higgs doublet [53]. As we have emphasized, for
a 5D Elko, only the zero mode (massless 4D Elko spinor)
can be localized successfully on Minkowski branes. The
conclusion hints that the coupling with Higgs which can
generate the mass of 4D Elko spinors is crucial. And
there exists a chance to obverse the interaction between
Elko and Higgs in LHC, which was investigated in Ref.
[79].
Third, for the dark matter, it is proved that the dark
matter couples to an axis, which has come to be known
as the axis of evil. As a non-local field, Elko field will
be a local quantum field along a preferred axis, which
is in the direction perpendicular to the Elko plane [54,
55], and was proposed to the axis of locality in the dark
sector. This is also an advantage of choosing Elko as the
candidate of dark matter. Thus Ahluwalia and Grumiller
suggested that Elko can be considered as a first-principle
candidate of dark matter. All these advantages motive
us to investigate the localization of Elko on branes.
VI. CONCLUSION AND DISCUSSION
In this paper, we have investigated the localization of
a 5D Elko field on Minkowski branes. First, we briefly re-
viewed some fundamental structures of Elko, which show
that Elko is very different from a usual Dirac fermionic
field but it is similar to a scalar field on many aspects–
the Lagrangian density and mass dimension, for example.
Then, we considered various kinds of Minkowski branes
and analyze the localization of a 5D Elko field on these
branes by presenting the equation of the Elko KK modes.
The 5D Elko field was investigated in two cases: the
5D massless free Elko field and the 5D Elko field with
coupling term. In the first case, we found that the Elko
zero mode can be localized on the RSII brane but can not
be localized on the majority of Minkowski thick branes
embedded in asymptotically AdS space-time. There
does not exist any bound massive KK mode on these
Minkowski branes.
In the second case, the Elko zero mode still can be
localized on the RSII brane for any 5D massive Elko,
and it can also be localized on some specific thick branes
if certain coupling term such as ηF (φ)
¬
λλ is introduced.
However, we still can not find any bound massive KK
mode on these branes by introducing a meaningful cou-
pling term.
For these thick branes generated by a kink scalar, in
order to localize the 5D Dirac field, we usually introduce
the coupling term ηφ2n−1ψψ (n is a positive integer), and
when the coupling constant η > η0 (η0 is some constant
parameter decided by the branes), then the left or right
chiral Dirac fermion zero mode can be localized on these
branes [29, 30, 34–39, 41–47, 49]. But for a 5D Elko field,
in order to localize the zero mode, the similar coupling
term is changed as ηφ2n
¬
λλ and the coupling constant η
should be taken as some particular expression determined
by the parameters in the models. No matter what the
exponent of the φ is chosen as, we can not find any bound
massive KK mode of a 5D Elko on these branes. Thus
there may only exist the bound zero mode of a 5D Elko
on Minkowski branes and the conclusion hints that the
coupling with Higgs which can generate the mass of 4D
Elko spinors is crucial.
In addition, for a Dirac field, only the left or right chiral
fermion zero mode can be localized on these branes. But
for Elko, it is interesting to find that the KK modes of
different types of Elko are the same and only the zero
modes can be localized on the branes.
There are still some issues. First, we just considered
Minkowski branes embedded in AdS space-time and can
not find any bound massive KK mode of a 5D Elko.
Maybe the conclusion will be changed when we consider
some other Minkowski thick branes, for example, Weyl
thick Branes [86–88]. Second, in order to investigate the
localization of 4D massive Elko fields, some new mecha-
nisms need to be introduced. It is difficult to find bound
massive KK modes because of the imaginary unit in Eq.
12
(44). But we may find some Elko resonances like the case
of Dirac field. The resonances for Elko should be rede-
fined because Eq. (44) is not a Schro¨dinger-like equation.
Third, it is interesting to investigate the localization of a
5D Elko on de Sitter and anti-de Sitter branes. We leave
these problems in the further works.
ACKNOWLEDGMENTS
The authors would like to thank the anonymous ref-
erees whose comments largely helped us in improving
the original manuscript, and thank Professors Dharam
Ahluwalia, Sebastian Horvath, Hao Wei as well as
doctors Xiao-Long Du, Zhen-Hua Zhao, Zhi-Feng Sun
and Shao-Wen Wei for helpful discussions. This work
was supported in part by the Huo Ying-Dong Educa-
tion Foundation of Chinese Ministry of Education (No.
121106), the National Natural Science Foundation of
China (No. 11075065), the Doctoral Program Founda-
tion of Institutions of Higher Education of China (No.
20090211110028), and the Fundamental Research Funds
for the Central Universities (No. lzujbky-2012-k30).
[1] V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B.
125, 136 (1983).
[2] V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B.
125, 139 (1983).
[3] K. Akama, Lect. Notes Phys. 176, 267 (1983),
arXiv:hep-th/0001113.
[4] S. Randjbar-Daemi and C. Wetterich, Phys. Lett. B. 166,
65 (1986).
[5] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370
(1999), arXiv:hep-ph/9905221.
[6] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690
(1999), arXiv:hep-th/9906064.
[7] J. D. Lykken and L. Randall, JHEP 0006, 014 (2000),
arXiv:hep-th/9908076.
[8] I. Antoniadis, Phys. Lett. B. 246, 377 (1990).
[9] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys.
Lett. B. 429, 263 (1998), arXiv:hep-ph/9803315.
[10] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and
G. R. Dvali, Phys. Lett. B. 436, 257 (1998),
arXiv:hep-ph/9804398.
[11] A. Kehagias, Phys. Lett. B. 600, 133 (2004),
arXiv:hep-th/0406025.
[12] M. Gogberashvili, Int. J. Mod. Phys. D. 11, 1639 (2002),
arXiv:hep-ph/9908347.
[13] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and
R. Sundrum, Phys. Lett. B. 480, 193 (2000),
arXiv:hep-th/0001197.
[14] J. S. Alcaniz, D. Jain and A. Dev, Phys. Rev. D. 66,
067301 (2002), arXiv:astro-ph/0206448.
[15] D.-J. Liu, H. Wang and B. Yang, Phys. Lett. B. 694, 6
(2010), arXiv:1009.3776 [astro-ph.CO].
[16] O. DeWolfe, D. Z. Freedman, S. S. Gubser and A. Karch,
Phys. Rev. D. 62, 046008 (2000).
[17] S. T. Abdyrakhmanov, K. A. Bronnikov and
B. E. Meierovich, Grav. Cosmol. 11, 82 (2005),
arXiv:gr-qc/0503055.
[18] M. Gremm, Phys. Lett. B. 478, 434 (2000),
arXiv:hep-th/9912060.
[19] V. I. Afonso, D. Bazeia and L. Losano, Phys. Lett. B.
634, 526 (2006), arXiv:hep-th/0601069.
[20] A. Kehagias and K. Tamvakis, Phys. Lett. B. 504, 38
(2001), arXiv:hep-th/0010112.
[21] D. Bazeia, A. R. Gomes, L. Losano and R. Menezes,
Phys. Lett. B. 671, 402 (2009), arXiv:0808.1815 [hep-th].
[22] V. Dzhunushaliev, V. Folomeev and M. Minamitsuji,
Rept. Prog. Phys. 73, 066901 (2010), arXiv:0904.1775
[gr-qc].
[23] A. Herrera-Aguilar, D. Malagon-Morejon and
R. R. Mora-Luna, JHEP 1011, 015 (2010),
arXiv:1009.1684 [hep-th].
[24] B. Bajc and G. Gabadadze, Phys. Lett. B. 474, 282
(2000), arXiv:hep-th/9912232.
[25] I. Oda, Phys. Lett. B. 496, 113 (2000),
arXiv:hep-th/0006203.
[26] Y.-X. Liu, Z.-H. Zhao, S.-W. Wei and Y.-S. Duan, JCAP
0902, 003 (2009), arXiv:0901.0782 [hep-th].
[27] Y.-X. Liu, L.-D. Zhang, S.-W. Wei and Y.-S. Duan,
JHEP 0808, 041 (2008), arXiv:0803.0098 [hep-th].
[28] Y.-X. Liu, L.-D. Zhang, L.-J. Zhang and Y.-S. Duan,
Phys. Rev. D. 78, 065025 (2008), arXiv:0804.4553 [hep-
th].
[29] Y.-X. Liu, X.-H. Zhang, L.-D. Zhang and Y.-S. Duan,
JHEP 0802, 067 (2008), arXiv:0708.0065 [hep-th].
[30] X.-H. Zhang, Y.-X. Liu and Y.-S. Duan, Mod. Phys. Lett.
A. 23, 2093 (2008), arXiv:0709.1888 [hep-th].
[31] D. Bazeia, F. A. Brito and R. C. Fonseca, Eur. Phys. J.
C. 63, 163 (2009), arXiv:0809.3048 [hep-th].
[32] P. Koroteev and M. Libanov, Phys. Rev. D. 79, 045023
(2009), arXiv:0901.4347 [hep-th].
[33] A. Flachi and M. Minamitsuji, Phys. Rev. D. 79, 104021
(2009), arXiv:0903.0133 [hep-th].
[34] Z.-H. Zhao, Y.-X. Liu and H.-T. Li, Class. Quant. Grav.
27, 185001 (2010), arXiv:0911.2572 [hep-th].
[35] H.-T. Li, Y.-X. Liu, Z.-H. Zhao and H. Guo, Phys. Rev.
D 83, 045006 (2011), arXiv:1006.4240 [hep-th].
[36] L. B. Castro and L. A. Meza, Fermion localization on
branes with generalized dynamics, arXiv:1011.5872 [hep-
th].
[37] A. E. R. Chumbes, A. E. O. Vasquez and M. B. Hott,
Phys. Rev. D 83, 105010 (2011), arXiv:1012.1480 [hep-
th].
[38] Z.-H. Zhao, Y.-X. Liu, H.-T. Li and Y.-Q. Wang, Phys.
Rev. D. 82, 084030 (2010), arXiv:1004.2181 [hep-th].
[39] Y.-X. Liu, C.-E. Fu, H. Guo, S.-W. Wei and Z.-H. Zhao,
JCAP 1012, 031 (2010), arXiv:1002.2130 [hep-th].
13
[40] Y. Kodama, K. Kokubu and N. Sawado, Phys. Rev. D.
79, 065024 (2009), arXiv:0812.2638 [hep-th].
[41] Y. Brihaye and T. Delsate, Phys. Rev. D. 78, 025014
(2008), arXiv:0803.1458 [hep-th].
[42] Y.-X. Liu, C.-E. Fu, L. Zhao and Y.-S. Duan, Phys. Rev.
D. 80, 065020 (2009), arXiv:0907.0910 [hep-th].
[43] Y.-X. Liu, H. Guo, C.-E. Fu and J.-R. Ren, JHEP 1002,
080 (2010), arXiv:0907.4424 [hep-th].
[44] C. Ringeval, P. Peter and J. P. Uzan, Phys. Rev. D. 65,
044016 (2002), arXiv:hep-th/0109194.
[45] R. Koley and S. Kar, Class. Quant. Grav. 22, 753 (2005),
arXiv:hep-th/0407158.
[46] R. Davies and D. P. George, Phys. Rev. D 76, 104010
(2007), arXiv:0705.1391 [hep-ph].
[47] Y.-X. Liu, H.-T. Li, Z.-H. Zhao, J.-X. Li and J.-R. Ren,
JHEP 0910, 091 (2009), arXiv:0909.2312 [hep-th].
[48] C. A. S. Almeida, R. Casana, M. M. Ferreira and
A. R. Gomes, Phys. Rev. D. 79, 125022 (2009),
arXiv:0901.3543 [hep-th].
[49] Y.-X. Liu, J. Yang, Z.-H. Zhao, C.-E. Fu and Y.-S. Duan,
Phys. Rev. D. 80, 065019 (2009), arXiv:0904.1785 [hep-
th].
[50] D. V. Ahluwalia-Khalilova and D. Grumiller, Phys. Rev.
D. 72, 067701 (2005), arXiv:hep-th/0410192.
[51] D. V. Ahluwalia-Khalilova and D. Grumiller, JCAP
0507, 012 (2005), arXiv:hep-th/0412080.
[52] A. B. Gillard and B. M. S. Martin, Proceedings
of 7th international Heidelberg Conference on Dark
2009, Christchurch, New Zealand, 18 24 January 2009.
arXiv:0904.2063 [hep-th].
[53] D. V. Ahluwalia-Khalilova and S. P. Horvath, JHEP
1011, 078 (2010), arXiv:1008.0436 [hep-ph].
[54] D. V. Ahluwalia-Khalilova, C. -Y. Lee, D. Schritt
and T. F. Watson, Phys. Lett. B 687, 248 (2010),
arXiv:0804.1854 [hep-th].
[55] D. V. Ahluwalia, C. Y. Lee and D. Schritt, Phys. Rev.
D. 83, 065017 (2011), arXiv:0911.2947 [hep-ph].
[56] D. V. Ahluwalia-Khalilova, Int. J. Mod. Phys. D 18, 2311
(2009), arXiv:0904.0066 [gr-qc].
[57] D. Gredat and S. Shankaranarayanan, JCAP 1001, 008
(2010), arXiv:0807.3336 [astro-ph].
[58] S. Shankaranarayanan, Int. J. Mod. Phys. D. 18, 2173
(2009), arXiv:0905.2573 [astro-ph.CO].
[59] S. Shankaranarayanan, Dark spinor driven inflation,
arXiv:1002.1128 [astro-ph.CO].
[60] H. Wei, Phys. Lett. B. 695, 307 (2011), arXiv:1002.4230
[gr-qc].
[61] H. Wei, Phys. Lett. B 712, 430 (2012), arXiv:1109.6107
[gr-qc].
[62] C. G. Bo¨hmer and J. Burnett, Mod. Phys. Lett. A 25,
101 (2010), arXiv:0906.1351 [gr-qc].
[63] C. G. Bo¨hmer, J. Burnett, D. F. Mota and D. J. Shaw,
JHEP 1007, 053 (2010), arXiv:1003.3858 [hep-th].
[64] C. G. Bo¨hmer, Phys. Rev. D. 77, 123535 (2008),
arXiv:0804.0616 [astro-ph].
[65] G. Chee, Stability of de Sitter solutions sourced by dark
spinors, arXiv:1007.0554 [gr-qc].
[66] R. da Rocha and W. A. J. Rodrigues, Mod. Phys. Lett.
A. 21, 65 (2006), arXiv:math-ph/0506075.
[67] R. da Rocha and J. M. Hoff. da Silva, J. Math. Phys. 48,
123517 (2007), arXiv:0711.1103v1 [math-ph].
[68] R. da Rocha and J. M. Hoff. da Silva, Adv. Appl. Clifford
Algebras. 20, 847 (2010), arXiv:0811.2717v1 [math-ph].
[69] R. da Rocha and J. M. Hoff. da Silva, Int. J. Geom. Meth.
Mod. Phys. 6, 461 (2009), arXiv:0901.0883v1 [math-ph].
[70] J. M. Hoff da Silva and R. da Rocha, Int. J. Mod. Phys.
A24, 3227 (2009), arXiv:0903.2815 [math-ph].
[71] R. da Rocha, A. E. Bernardini and J. M. Hoff da Silva,
JHEP 1104, 110 (2011), arXiv:1103.4759 [hep-th].
[72] L. Fabbri, Mod. Phys. Lett. A. 25, 151 (2010); Erratum-
ibid. A. 25, 1295 (2010), arXiv:0911.2622 [gr-qc].
[73] L. Fabbri, Mod. Phys. Lett. A. 25, 2483 (2010),
arXiv:0911.5304 [gr-qc].
[74] L. Fabbri, Gen. Rel. Grav. 43, 1607 (2011),
arXiv:1008.0334 [gr-qc].
[75] L. Fabbri, Phys. Lett. B 704, 255 (2011),
arXiv:1011.1637 [gr-qc].
[76] L. Fabbri and S. Vignolo, Annalen Phys. 524, 77 (2012),
arXiv:1012.4282 [gr-qc].
[77] L. Fabbri, Phys. Rev. D 85, 047502 (2012),
arXiv:1101.2566 [gr-qc].
[78] L. Fabbri and S. Vignolo, A modified theory of gravity
with torsion and its applications in cosmology and par-
ticle physics: further developments,arXiv:1201.5498 [gr-
qc].
[79] M. Dias, F. de Campos and J. M. Hoff da Silva, Phys.
Lett. B 706, 352 (2012), arXiv:1012.4642 [hep-ph].
[80] C. G. Boehmer, Annalen Phys. 16, 38 (2007),
arXiv:gr-qc/0607088.
[81] C. Y. Lee, Elko in 1+1 dimensions, arXiv:1011.5519 [hep-
th].
[82] A. Basak and J. R. Bhatt, JCAP 1106, 011 (2011),
arXiv:1104.4574 [astro-ph.CO].
[83] C. Bogdanos, A. Dimitriadis and K. Tamvakis, Phys.
Rev. D. 74, 045003 (2006), arXiv:hep-th/0604182.
[84] H. Guo, Y. -X. Liu, Z. -H. Zhao and F. -W. Chen, Phys.
Rev. D 85, 124033 (2012), arXiv:1106.5216 [hep-th].
[85] Y. -X. Liu, F. -W. Chen, Heng-Guo and X. -N. Zhou,
JHEP 1205, 108 (2012), arXiv:1205.0210 [hep-th].
[86] O. Arias, R. Cardenas and I. Quiros, Nucl. Phys. B. 643,
187 (2002), arXiv:hep-th/0202130.
[87] N. Barbosa-Cendejas and A. Herrera-Aguilar, JHEP
0510, 101 (2005), arXiv:hep-th/0511050.
[88] N. Barbosa-Cendejas and A. Herrera-Aguilar, Phys. Rev.
D. 73, 084022 (2006); Erratum-ibid. D. 77, 049901
(2008), arXiv:hep-th/0603184.
